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Optimization view to Clustering

Empirical Convex Clustering Shrinkage:

Dataset {x;} , C R”

N centroids: { M}, C R”
Given v > 0

Distance measure || - ||

Convex complexity measure
¢:RP - RT

Convex Programming Problem:

. 1 N
min T (M;) = 5 E | — M|, + E ¢ (M; — Mj)
¢ i=1

1<J

— Pelckmans et al., Convex Clustering Shrinkage, PASCAL workshop 2005
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Clustering Shrinkage (Ct’d)

Modifications:

e 0-norm (count different pairs) — non-convex but interpretability!
e c-neighborhood: B(e€) ball with measure |B(€)|

me = arg min J."(m)
m:RD —RrD

1 N
—;;HW(%)—%HIJ |B( I

I ([fm(z:) —m(z;)|| > 0),

= 1 g —; IIS6

(1)

— the second term measures the density of different assigned datapoints in a local
neighborhood (cfr. histogram density estimator).
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Clustering Shrinkage (Ct’d)

Definition 1. [Theoretical Shrinkage Clustering] Let m : R — R be such

that lims—o m(ng)(ﬁérfr)(fM) exists almost everywhere. Let the cdf P(x)

underlying the dataset be known and assume its pdf p(x) exists everywhere
and is nonzero on a connected compact interval C C R with nonzero measure
|C| > 0. We will study the following theoretical counterpart to (1)

™M = arg min j,f’o(m) = /C |m(z) — :UdeP(a:) —I—'y/C |m(z)||, dP(x),

m:R—R
(2)
where we define the latter term -denoted further as the zero-norm variation- formally

as follows
(I (m(B(x;€)) # const)) 3)
| B(z, €)| |
with the characteristic function I(m(B(x;€)) # const) equals one if Jy €
B(x;€) such that |m(x) — m(y)|| > 0 (B(x,€) contains parts of different
clusters), and equal to zero otherwise.

lm’ ()], = lim
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Clustering Shrinkage (Ct’d)

Theorem 1. [Univariate Staircase Representation] When P(x) is a fixed,
smooth and differentiable distribution function with pdf p : R — R which
is nonzero on a compact interval C C R, the minimizer to (2) takes the
form of a staircase function uniquely defined on C' with a finite number of
positive steps (say K < 4o0) of size a = (a1, ...,ax)’ € R¥ at the points
Dy = {Z@w i € C

m (:13; a,D(K)) = Zakl (:c > a:(k)) st. ar >0,z € C VE (4)
Moreover, the optimization problem (2) is equivalent to the problem

) —x

min jK (a D(K)
aD(K)

p(z)dz+>  p(zw),
P k=1
(5)

where K € N relates to v € R" in a way depending on D.
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Unifying perspective:
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. e Optimal coding: "finding a short code for X that preserves the maximum
Empirical CCS ] ) ) "
information about X itself.
I L2 — KL

e Optimal bin placement
Theoretical CCS

Main message:

e Optimization view to clustering

e Clustering — study of the class of staircases (cfr. classification).
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